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Objective: This study aims to evaluate the accuracy of the natural approximation of
the binomial distribution in large samples through an analytical study and Monte Carlo
simulations, focusing on the effect of sample size n and probability parameter P, as well
as the continuity correction, and certain properties related to the shape of the
distribution. Method: The study included 143 scenarios resulting from the use of
sample sizes ranging from 10 to 10,000 and different values of P ranging from 0.01 to
0.99, with the calculation of a set of accuracy metrics, including absolute error, relative
error, mean absolute error (MAE), root mean square error (RMSE), and maximum
cumulative error, along with an examination of the relationship between the error and
each of (nP) and n(1-P), as well as the absolute skewness of the binomial distribution.
Monte Carlo simulations with 10,000 iterations were also used to empirically verify the
computational results. Results: It was also observed that there is a significant decrease
in errors through continuity correction, where the mean absolute error reduced from
(0.0362579686) without correction to (0.007330879) with the correction; the root mean
square error also reduced from (0.0690117985) to (0.0162159958), which is an
improvement in the maximum cumulative error of (79.539328% ) on the set of correct
values. Novelty: The study concludes that the assessment of the accuracy of the natural
approximation should not depend solely on a large n, but should take into account P, (n
P), n(1-P), and the shape parameters of the distribution, with the importance of using a
continuity correction when applying the natural approximation to the binomial
distribution.

INTRODUCTION

The binomial distribution is one of the most important discrete probability

distributions in statistics, due to its fundamental role in describing the number of times a
specific event occurs in a fixed number of independent trials, where each trial has two
possible outcomes — success or failure —and the probability of success remains constant
from one trial to the next. If x represents the number of successes in n independent trials,
and the probability of success in a single trial is P, then x follows a binomial distribution
of the form x~bin(n, P), and the mean and variancebe, respectively, E(x) = nI” and Var(x)
= nP(1-P). These properties have made the binomial distribution an important tool in a
wide range of statistical applications that require estimating probabilities associated with
the number of successes or events occurring within a given sample size[1,2]. Despite the
simplicity of the binomial distribution’s definition and its theoretical and practical
importance, the direct calculation of its probabilities can become computationally more
difficult as n increases, especially when dealing with a large number of scenarios or
performing frequent comparisons. For this reason, the normal approximation to the
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binomial distribution is of great importance, as it allows the discrete distribution with a
continuous normal distribution with mean nP and variance nP(1-P). This approximation
is based on the possibility of representing the binary variable as a sum of independent
Bernoulli variables, and thus taking advantage of the central limit theorem, which states
that the standard normal distribution of this sum approaches the standard normal
distribution as the sample size increases [3,4]. Consequently, if x~bin(n, P), the normal
approximation can be written as x ~ N(nP, nP(1-P)), or in terms of the standard variable
— _X="P . However, this approximation is a limit approximation and does not imply

~ JnP(1-P)

that every large value of n necessarily leads to a high-precision approximation in practical
applications; the quality of the approximation can also be affected by the value of P, by
the values nP and n(1-P), by the shape of the binomial distribution and its symmetry, as
well as by the location of the probability to be calculated within the distribution.
Therefore, moving from the general statement that the binomial distribution approaches
the normal distribution with large samples to an actual assessment of the extent of this
approximation requires a precise quantitative study of the error resulting from the
approximation [5]. The second difficulty that is caused by the fact that two types of
distribution have distinct properties: the binomial distribution has a discrete property
and consists of integers 0, 1, 2, ..., n, while the normal distribution has a continuous
feature. Thus, the use of the normal distribution instead of the binomial one in order to
calculate probabilities can produce discrepancies between the exact value and the
approximate one [6]. In order to reduce the impact of such discrepancies a continuity
correction should be performed, which includes the shifting of the boundaries of the
event by 0.5 during the transition of probability from a discrete to a continuous
distribution. Thus, the problem of the need to determine the degree of improvement that
could be reached by means of a continuity correction appears, particularly the question
of how this improvement depends on the sample size, probability parameter, and its
position. The research problem is the necessity of a proper assessment of the quality of
the natural approximation of the binomial distribution in large samples. The purpose of
this research is to analyze the magnitude of the error in probabilities obtained with the
use of normal approximation compared to those which were calculated exactly using the
binomial distribution formula; to consider normal approximation with and without
continuity correction; to explore the dependence of accuracy on parameters of n and P,
as well as on their products nP and n(1-P); and to analyze the relation between the
accuracy of the approximation and the skewness of the binomial distribution. At the same
time, the problem of distinguishing the error of the approximation from the random error
in the simulation procedure is considered so that the analysis would be more clear and
consistent. In order to do so, the study uses the numerical-analytical method, which
consists of calculating the exact value, making the probabilistic approximations, and
running the simulation procedure. The experiments involve varying sample size n from

10 to 10,000, and P-value from low to high, starting from zero till one. For each particular
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case, the exact value of the probability was found using the binomial distribution and
then the normal approximation was performed. The difference between the mentioned
values is estimated based on the absolute error, relative error, mean absolute error, and
root mean square error, in addition to the comparison of the cumulative distribution
functions based on the maximum cumulative difference, with the help of other measures
to investigate the influence of continuity correction. The research involves the application
of the Monte Carlo simulation to confirm the estimated probabilities empirically through
obtaining a large amount of random values from the binomial distribution and estimation
of probabilities using the relative frequency of appearance of the events of interest. The
Monte Carlo simulation is not used to replace the actual value of the binomial
distribution; rather, it is used to confirm it independently. This approach enables a
comparative analysis of three types of sources of results: an exact probability, a standard
approximation as something that needs to be analyzed, and Monte Carlo simulation as a
source of evidence for checking the approximation's validity. Not being restricted to just
the analysis of sample size and the probability parameter, this study also analyzes such
parameters as n P and n(1-P), as well as skewness coefficient of the binomial distribution,
which characterizes the asymmetry of the binomial distribution. This will enable us to
identify whether those cases where n is large but P is close to zero or one differ in their
approximation from those where P is close to 0.5. The comparison also enables us to
identify whether the increased approximation accuracy due to larger sample sizes
happens equally in all cases, or whether the improvement depends on the form of
distributionTherefore, the purpose of the research is to conduct a thorough quantitative
analysis of the normal approximation accuracy to the binomial distribution, taking into
account four dimensions: the influence of sample size, the influence of the probability
value, the influence of the continuity correction, and the influence of the skewness value
of the distribution. In other words, the purpose of the research is not to prove once again
the theoretically known fact about the normal approximation accuracy of the binomial
distribution for large values of n, but to find out the approximation accuracy under
certain conditions.

RESEARCH METHOD
A numerical analysis technique, together with Monte Carlo simulation was

applied in order to estimate the correctness of natural approximation of binomial
distribution. It was assumed that variable x is distributed binomially, that is, x~bin(n,P).
The probabilities found through direct computation using binomial distribution were
compared with the probabilities for natural approximation without and with continuity
correction for sample sizes n varying from 10 to 10,000 with different values of P changing
from 0.99 to 0.01. The correctness of the approximation was analyzed by means of
absolute error, relative error, mean absolute error, root mean square error and maximal
cumulative error, taking into account the influence of parameters nP, n(1-P) and |vy.|.
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Additionally, Monte Carlo simulation was applied for empirical verification of the results
with 10,000 iterations. All computations were made using the help of MATLAB.

The Theoretical Basis of the Binomial Distribution and the Normal Approximation
The Binomial Distribution

If x represents the number of successes in n independent trials, and the probability
of success in each trial is constant and equal to P, then x follows the binomial distribution
and is written as x~bin(n,P) The probability mass function of the binomial distribution is
given by the formula: [7]

PX=x)=(")P*A-P)"* x=012..,n 1)

Where n represents the number of trials, P represents the probability of success in
a single trial, (1-P) represents the probability of failure, and x represents the number of
successes in n trials. The binomial distribution is characterized by a mean and a variance
given, respectively, by the following two relationships:

E(x) =nP (2)

Var(x) =nP(1—P) 3)

Therefore, the standard deviation of a binomial distribution is given by the
following formula:

o= AP =P) )

These characteristics form the basis for the normal approximation of the binomial
distribution in large samples, since the normal approximation uses the same mean and
variance.

The Normal Approximation of the Binomial Distribution

When the sample size is sufficiently large, the binomial distribution can be
approximated using the normal distribution with the same mean and variance.
Accordingly, if x ~ bin(n, P), the normal approximation is written as:

x ~ NP, nP(1-P)) This approximation allows the discrete calculations of the
binomial distribution to be replaced with calculations based on the cumulative
distribution function of the normal distribution, which facilitates the calculation of
various probabilities, especially for large values of n [8].

Theoretical Basis of the Approximation

The normal approximation to the binomial distribution can be explained by
expressing the random variable x as the sum of n independent random variables
following a Bernoulli distribution, such that X = X; + X; + --- + X_n, where each X_i
follows a Bernoulli distribution with a success probability of P for each of these variables

[9]

E(X;)=P

Var(Xx;) = P(1 - P)
And thus it follows that
E(x) =nP

Var(x) =nP(1—-P)
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According to the central limit theorem, the standard normal distribution of the
sum of independent random variables approaches the normal distribution as n increases;
therefore, the standard normal variable associated with the binomial distribution is

written as:

x—nP

VnP(1-P)

As n increases, the Z distribution approaches the standard normal distribution,

which is the theoretical basis for using the normal approximation in the present study.
Continuity Correction

The binomial distribution differs from the normal distribution in that the former
is discrete and the latter is continuous. Therefore, replacing the binomial distribution
with the normal distribution may result in a difference between the exact probability and
the approximate probability. To minimize this difference, a continuity correction is
applied, which involves adjusting the probability limits by 0.5, for example, when
calculating the cumulative probability: [10]

P(X < k)

The natural approximation is given without continuity correction:

~ & |K=nP) ()
P < k)~ 0| Lol

However, when using the continuity correction, it becomes:

_ & | kr05-nP) (6)
PX<ly~@® [ Mo

Conditions for the Suitability of the Natural Approximation of the Binomial
Distribution

The natural approximation of the binomial distribution is considered more
suitable when both the expected number of successes, nP,and the expected number of
failures, n(1-P), are sufficiently large, so that the binomial distribution is not severely
skewed or excessively concentrated near either end of its range[11]. This is related to the
properties of the binomial distribution: its mean is nP, while its variance is nP(1-P); the
skewness coefficient reflects the degree of asymmetry in its shape. For small values of P
near 0.5, the distribution becomes more symmetrical around the mean, helping the
normal approximation become better; however, for small values of P nearing zero or one,
the approximation becomes difficult [12,13]. However, these conditions do not represent
strict limits by which the accuracy of the approximation can be judged in all cases,
because the magnitude of the error may vary depending on the sample size, the value of
P, and the location of the probability within the distribution. Therefore, the present study
does not rely on a single threshold condition to judge the validity of the approximation,
but rather tests its accuracy quantitatively across a wide range of values of n and P,
examining np and n(1-P) as well as the absolute skewness, and comparing the exact
results of the binomial distribution with the normal approximation with and without the

continuity correction.
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Measures for Evaluating the Accuracy of the Natural Approximation

To quantitatively evaluate the accuracy of the natural approximation of the
binomial distribution, this study relies on a set of measures that compare the probabilities
calculated directly from the binomial distribution—as reference values—with the
probabilities resulting from the natural approximation, both with and without continuity
correction. Absolute Error is used as the basic metric and it is computed using the
equation below: [14]

AE = |Pexact - Papproxl (7)

Where:

Pexact: The probability calculated directly from the exact binomial distribution.

Papprox: The probability obtained using the approximation method.

The relative error is also calculated as a supporting measure according to:

RE — |Pexact_PagQrox| (8)
Pexact

In combining the results of several instances, the mean absolute error (MAE) is
used in order to determine the average value of the difference between the true values
and the estimated values, whereas the root mean square error (RMSE) is used to
emphasize larger errors:

MAE = (i) le(exact)i - P(approx)il

RMSE = J(l/m) Z(P(exact)i - P(approx)i)z

Where:

m: the number of observed cases

The accuracy of the approximation on the level of the cumulative distribution
function as a whole is evaluated using the largest discrepancy between the cumulative
distribution function of the binomial distribution and the cumulative distribution
function of the normal approximation. The Kolmogorov measure for the uncorrected

normal approximation is determined by the formula:
sup
Dy = "eP 1Fp () — Fy ()
Where

Fp (x): The cumulative distribution function for the binomial distribution.

(11)

Fxn (x): The Cumulative Distribution Function for the Approximate Normal
Distribution.

The maximum error is also determined for the exact values of the distribution in
case of approximation by the normal distribution with continuity correction and without
continuity correction to be able to compare how well the approximation works in all
cases. This combination of criteria makes it possible to estimate the quality of
approximation locally and globally (cumulative distribution functions), and to see how
much better the approximation works with continuity correction.
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Monte Carlo Simulation and Its Role in Evaluating Approximations

For verification of the probabilities estimated from the binomial distribution by
Monte Carlo simulation method as a numerical approach, this research makes use of
Monte Carlo simulation technique. The basis of the Monte Carlo simulation is based on
the generation of numerous random numbers for the binomial distribution for different
combinations of the parameters n and P [15]. The generated random numbers are then
employed for estimation of the probabilities and comparison of them with the actual
values. For each scenario of this study, where x obeys the binomial distribution bin(n,P),
M =10,000

independent observations are generated. To estimate the probability of the event
X <k, the indicator function I is used, which takes the value 1 when the event occurs and
0 otherwise. The Monte Carlo probability estimate is therefore given by:

Puc = (1/M) T, 1 (X; < K) (12)

Where:

X_j: the jth simulation observation.

M: the number of simulation runs.

As the number of runs increases, the simulated estimate becomes more stable on
average.

Monte Carlo simulation is not used in this study as a substitute for exact
probability, but rather to empirically verify the results. Therefore, the simulated value

~

Pyc S compared with the exact value P_exact calculated directly from the binomial

distribution. The simulation error is calculated as follows:

AEMC = |pMC(X < k) - Pexact(X = k)l (13)
The approximate standard error of the simulated capacity is calculated as follows:
(14)

SE,. = \/ﬁMC(Xsk)[lM—ﬁMc(Xsk)l

This allows us to distinguish between errors resulting from randomness in the simulation
and those resulting from the use of natural approximation. Accordingly, the main
comparison of approximation accuracy remains between P_exact and natural
approximation, while the Monte Carlo results serve as a means of verifying the
consistency of the computational results. A base simulation size of 10,000 iterations was
used, with an additional stability check of the results using different simulation sizes in
a limited number of scenarios: 1,000, 5,000, 10,000, 50,000, and 100,000 iterations. It will
help to understand how the value of the estimated simulation changes with an increase
in the number of iterations and whether the results that have been used for comparison
are affected by the particular size of simulation used.
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Experimental Design of the Numerical Study

The numerical study was designed to allow for an evaluation of the natural
approximation of the binomial distribution across a wide range of sample sizes and
probability parameters. The study included sample sizes

n =10, 20, 30, 50, 100, 200, 500, 1,000, 2,000, 5,000, 10,000, while the P-values

P=0.01, 0.05,0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.08, 0.9, 0.95, 0.99. Such a set of values
allows the creation of 143 experimental situations where it is possible to investigate the
influence of both n and P on the accuracy of the approximation. For each situation of
values of n and P, the mean value nP and the standard deviation V(nP(1-P)) were
computed at the first stage, and then the exact probability of the binomial distribution
was calculated as a reference point. After that, the probability was calculated by the
normal approximation without the continuity correction, and then by the normal
approximation with the continuity correction. Points of evaluation corresponding to
different positions relative to the mean of the distribution were selected based on the
values of the standard scores Z = -2, -1, 0, 1, 2, omitting duplicate values caused by
rounding. In addition to n and P, the values nP and n(1-P) were calculated, and the
coefficient of skewness of the binomial distribution was calculated by the formula:

), = —G=2h) (15)
L™ /nP-p)

The absolute value |y_1 | is employed to examine the relationship between the
form of distribution and the amount of the rounding error to explain the differences in
the rounding precision in different cases. The design of the experiment produced the
exact and approximate probabilities of each case, as well as the absolute and relative
errors, results of the Monte Carlo simulation, MAE and RMSE of the overall error, the
maximal cumulative error and the Kolmogorov distance of the uncorrected
approximation. The improvement gained due to the continuity correction was found as
well. All calculations and simulations were implemented with the help of MATLAB
software with the use of a fixed-seed random number generator. The exact value of the
binomial distribution was chosen as the reference in the study, while the Monte Carlo
simulation was used to prove the results; however, simulations were not considered the
replacement of the exact computation.

RESULTS AND DISCUSSION
Result

From the numerical analysis, it was noted that the accuracy of the natural
approximation of the binomial distribution increased as the sample size was increased;
however, the rate of increase depended on the probability parameter P. When P = 0.5, the
maximum cumulative error of the natural approximation of the binomial distribution
without continuity correction was found to drop from 0. 12305 at n = 10 to 0.0039893 at n
=10,000, while the error after continuity correction dropped from 0.0026862 to 2.7152x10
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6. It was observed that the accuracy of approximation is greater in the central region of P
values, and the error increases as P approaches either zero or one, suggesting that
increasing the sample size is not enough to determine the accuracy of approximation.
From the comparison of the various scenarios considered, it was seen that the use of
continuity correction led to reduced error metrics in comparison to natural
approximation without continuity correction; the average absolute error and root mean
square error were 0.03625797 and 0.0690118 without continuity correction and
0.007330879 and 0.016216, respectively. The mean maximum cumulative rounding error
for the set of exact values without correction was 0.07937393, whereas the mean
maximum cumulative rounding error with correction was 0.01695333, with a mean
improvement of 79.5393 %. The results suggest a marked improvement in the precision of
the rounding procedure when applying the continuity correction in the given context.
Additionally, based on the analysis of the skewness coefficient, there is a notable positive
relationship between the absolute skewness value |y_1| and the rounding error; the
Spearman correlation coefficient was 0.82912 in the case of rounding without continuity
correction and 0.98189 for rounding with continuity correction. In turn, negative
correlations have been found between the error and both nP and n(1-P), the degree of
which depends on the approximation method used. However, the Monte Carlo
simulation indicated good correspondence between probabilities from the simulation
and probabilities of the binomial distribution with a certain amount of randomness
depending on the size of the simulation. Therefore, the simulation validated the
computational part of the paper without substituting the exact probabilities, which were
used as a standard of comparison. In general, one can say that in order to evaluate the
natural approximation, it is necessary to consider not only the continuity correction but
also sample size, P-value, values of nP and n(1-P), and skewness. The table below
provides values of MAE, RMSE, mean D/Grid and mean improvement ratio.

Table 1. Summary of accuracy measures for the normal approximation to the
binomial distribution

Without continuity With the confirmation of
The Scale . -
correction continuity

MAE 0.03625797 0.007330879

RMSE 0.0690118 0.016216
Average Dg,iq 0.07937393 0.01695333

Average

. - % 79.5393
Improvement

To visually illustrate the similarity between the binomial distribution and the
normal distribution, the following figure compares the probability mass function of the
binomial distribution with the probability density function of the normal distribution
when n =100 and P = 0.5.
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Binomial Distribution vs Normal Approximation
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Figure 1. Comparison of the bisectoral distribution with the normal approximation at
n = 100 and P=0.5

The following figure shows a comparison of the cumulative distribution functions
for the binomial distribution and the two normal approximations.

CDF Comparison: Binomial and Normal Approximations
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Figure 2. Shows a comparison of the cumulative distribution functions for the binomial
distribution and the two normal approximations.

The results showed that increasing the sample size leads to a decrease in the
approximation error. This result is clearly evident when P = 0.5 is fixed: for n = 10,
(Dgriacc) ranged from 0.0026862 to 2.7152 x 107°. These results indicate that the
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approximation accuracy improves as n increases. The following figure illustrates the
effect of sample size n on approximation accuracy when P = 0.5.

Effect of Sample Size on Approximation Accuracy
0.14
T T

=—€—Without CC
—8—With CC

Maximum CDF Approximation Error

0
10 102 10? 10*

Figure 3. Shows the effect of sample size n on approximation accuracy at P=0.5

When n=100 was set, the results showed that the error is smaller near P=0.5 and
increases as P approaches zero or one. D, cwas 0.039795 at P = 0.5, while it was 0.23576
at P=0.01 and P = 0.99. With the continuity correction, the values decreased to 0.00027259
at P =0.5and 0. 058381 at P = 0.01, and 0.065834 at P = 0.99. This shows that the accuracy
of the approximation is affected by the probability parameter as well as the sample size.
The following figure illustrates the effect of the probability parameter when n = 100.

Effect of p on Approximation Accuracy forn = 100
T T T

—&— Without CC
—&— With CC

Maximum CDF Approximation Error

| | & | |
0 01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 4. Effect of the probability parameter at n=100
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Table 2. Shows the change in approximation accuracy with P for a fixed sample size of

n =100
D¢ iqg Without Dg,iq With Improvement
P nP n(1-P) ly4| contim}ity contim?ity (%)
correction correction

001 1 99 0.98494 0.23576 0.058381 75.237
0.05 5 95 0.41295 0.116 0.026708 76.975
01 10 90 0.26667 0.083156 0.017474 78.986
02 20 80 0.15 0.059462 0.0098996 83.351
0.3 30 70 0.087287 0.049124 0.0057817 88.23
04 40 60 0.040825 0.043294 0.0027216 93.714
0.5 50 50 0 0.039795 0.00027259 99.315
0.6 60 40 0.040825 0.037925 0.0027216 92.824
0.7 70 30 0.087287 0.03766 0.0057817 84.648
0.8 80 20 0.15 0.039839 0.0098996 75.151
09 90 10 0.26667 0.04871 0.017474 64.126
095 95 5 0.41295 0.065339 0.026708 59.123
0.99 99 1 0.98494 0.15744 0.065834 58.185

The following figure shows the improvement achieved by applying the continuity

correction when n=100.

Effect of Continuity Correction for n = 100
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Figure 5. Percentage of improvement resulting from the continuity correction at n=100

The following heat maps provide a comprehensive picture of how the error varies

as both the sample size n and the probability parameter P change.

The following figure is a heat map showing the maximum cumulative error

without continuity correction.
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Heatmap of Maximum CDF Error Without Continuity Correction
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Figure 6. Heat map showing the maximum cumulative error without continuity
correction

The following figure is a heat map showing the maximum cumulative error with
continuity correction.

Heatmap of Maximum CDF Error With Continuity Correction

_
o 01 0.2 0.3 0.4 0.5 06 0.7 08 09 1

P

Figure 7. Heat map showing the maximum cumulative error with continuity correction

10’

The correlation between the error and both nP and n(1-P) was analyzed, and the
results showed an inverse ordinal correlation between nP and the error, with Spearman’s
correlation coefficient for the approximation being (-0.928527) without correction and (-
0.687835) with correction. The Spearman’s correlation coefficient between n(1-P) and the
error was (-0.802084) without correction and (-0.692505) with correction. The following
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table shows the Spearman’s and Pearson’s correlation coefficients between the study

variables and the rounding error.

Table 3. Shows Spearman and Pearson coefficients between the study variables and the

approximation error

P oy 0000102397 0 000158992 0928527 S20L7 oeszsss 23RO
(1=P) ) on0ry 0000366756 (00 o 00015779 0802084 . 5%50  0.692505 5]
vl 0922252 1-61%55163 0.735389 ii%s—zzs 0.82912 i_gl?)z_; 098150 1.11%3_?04

The following figure illustrates the relationship between cumulative error and nP

Maximum CDF Approximation Error
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Figure 8. Shows the relationship between the cumulative error and nP
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The following figure illustrates the relationship between the cumulative error and n(1-P)
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The absolute skewness of the binomial distribution was calculated based on |y |,

and the results showed a strong positive correlation between the skewness and the

rounding error. The Pearson correlation coefficient was 0.922252 for the uncorrected

approximation and 0.735389 for the corrected approximation, while the Spearman
correlation coefficient was 0. 82912 and 0.98189, respectively. These results indicate a

strong correlation between the skewness and the rounding error within the scenarios

studied. The following figure illustrates the relationship between the cumulative error

and the absolute skewness |y_1].
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Figure 10. Shows the relationship between the cumulative error and the absolute

skewness |y, |

The following figure illustrates the relationship between the absolute twist | y_1| and nP
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Figure 11. Shows the relationship between the absolute skewness |y;| and nP
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The following figure shows the correlation coefficients between the error and
each of nP, n(1-P), and |y_1|

Approximation Error versus n forp=0.5
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Figure 12. Shows the correlation coefficients between the error and each of nP, n(1 —
P),and |y4|

The following table shows the effect of sample size when P = 0.5

Table 4. Shows the effect of sample size at P=0.5

n nP n(l1->pP) Dg,iq Without Dg,iq With Improvement
continuity continuity (%)
correction correction

10 5 5 0.12305 0.0026862 97.817

20 10 10 0.088099 0.0013909 98.421

30 15 15 0.072232 0.00091789 98.729

50 25 25 0.056138 0.0005417 99.035

100 50 50 0.039795 0.00027259 99.315
200 100 100 0.028174 0.00013603 99.517
500 250 250 0.017832 0.000054357 99.695
1000 500 500 0.012613 0.000027166 99.785
2000 1000 1000 0.0089195 0.000013576 99.848
5000 2500 2500 0.0056416 0.0000054306 99.904
10000 5000 5000 0.0039893 0.0000027152 99.932
Discussion

The results show that the accuracy of the normal approximation depends on both
sample size and the shape of the binomial distribution. At P = 0.5, the maximum
cumulative error decreased as n increased from 10 to 10,000, consistent with the
theoretical basis of the approximation [9]. At a fixed sample size, however, errors were
generally larger when P approached zero or one, where the binomial distribution
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becomes more skewed. This pattern is supported by the positive correlations between
absolute skewness and approximation error observed across the study scenarios.
Continuity correction substantially improved accuracy by accounting for the difference
between discrete binomial outcomes and a continuous normal distribution [8]: overall
MAE decreased from 0.03625797 to 0.007330879, while RMSE decreased from 0.0690118
to 0.016216. The inverse correlations between error and both nPand n(1 — P)further
indicate why a large nalone is an insufficient guide to approximation quality. Monte
Carlo estimates generally agreed with the exact binomial probabilities, providing an
empirical check on the calculations; their random variation should be distinguished from
the systematic error of the normal approximation. These findings support evaluating P,
nP, n(1 — P), skewness, and the location of the probability being estimated when
deciding whether to use the normal approximation, particularly for probabilities near the
ends of the distribution.

CONCLUSION
Fundamental Finding: The study showed that an increase in sample size n was

associated with a decrease in the normal approximation error, while accuracy was
greatest around P = 0.5 and declined as P approached zero or one. Continuity correction
reduced MAE, RMSE, and maximum cumulative error, with an average improvement of
79.5393% for D_Grid. The error was inversely correlated with nP and n(1-P) and
positively correlated with absolute skewness. Implication: The accuracy of the normal
approximation should be assessed using P, nP, n(1-P), and the shape of the distribution
alongside sample size, with continuity correction applied when estimating binomial
probabilities. Limitation: The findings are based on the selected parameter values and
evaluation points, while the Monte Carlo estimates retain random variation from the
finite number of simulation iterations. Future Research: Further studies could examine
additional parameter combinations and tail probabilities, compare alternative
approximation methods, and use larger simulation runs to assess the stability of the
findings.
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